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ABSTRACT 


Both necessary conditions and sufficient conditions in order that 

a subset of a finite transformation semigroup be a subSemigroup are 
developed in this paper. The existence of several subsemigroups of 
various orders is established. Also, some results concerning idem- 
potents and generators of idempotents are proved. Then certain classes 
of subsemigroups are defined according to their idempotent structure and 
isomorphisms are demonstrated between these classes. Examples from the 
transformation semigroup on three elements are supplied throughout the 


paper. 
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I. INTRODUCTION 


In this paper the algebraic structure of the full transformation 
semigroup over a finite domain is explored. For notation let S be an 
arbitrary set with n elements and put Th = fail functions 0 p75, = st. 
Then Th is a semigroup under the binary operation of functional com- 
position and is called the full transformation semigroup on n elements. 
The order of T isn. Without loss of generality S can be taken to be 
tt J ae at, and an arbitrary element of o of Th may be considered as 
an order n-tuple (a, oa eean a); where oe = ep ie 

The problem that motivated this paper is to determine the number of 
subsemigroups of Th for orders one through n'. The solution of this 


© 


problem for T, is contained in Section III. These results may be ob- 


tained simply by checking all possible subsets for closure (note that 
associativity automatically carries over to any subset of T)- However , 


in general, theoretical tools are essential, because the number of sub- 
n 


(n ) Even for T 


sets of TT that are candidates for subsemigroups is 2 3? 


this number is 134,217,728. Thus in order to write a program with which 
the subsemigroups of T. could feasibly be computed, criteria simpler than 
closure are needed. The search for such criteria led to the theoretical 
results contained herein. Incorporation of Theorem 7 into the program 
reduced its run time sufficiently to allow the computation of the sub- 


semigroups of T, for orders one through ten and nineteen through twenty- 


3 


seven. The material following Theorem 7 in Section V is useful in 


1 
Orval Sweeney, LT(jg), USN, Numerical Properties of the Full Transformation 
Bile noup Ol @ fanete Domain, p. 6, 7, M.S. Thesis; NPs, 1TY6c: 








determining the information needed to apply the theorem to any specific 
tT: The results in Section VI were motivated by an attempt to reduce 
run time by eleminating the need for checking certain classes of sub- 
sets of T° Although application of these results failed to accomplish 
the original goal (because the time required to apply this check to all 
subsets is greater than the time saved by eliminating the checking of 
certain classes of subsets for closure), the results are presented for 


their mathematical interest. 








II. ISOMORPHISMS 


Included in the algebraic structure of the full transformation semi- 
group, discussed in this paper, are the isomorphisms that exist between 
certain semigroups of various orders. The usual concept of isomorphism 
between two semigroups is as follows. 

Two semigroups, Sy and So» are isomorphic if there exists a bijection 
nis, = So such that n(x)'nly) = n(xy), for every x,y in Sy: Under this 
concept of isomorphism, for each given n, there is a fixed number of non- 


isomorphic semigroups of order n. For example: 


Number of Semigroups 


n Distinct up to an Isomorphism 
1 l 
2 5 
3 24 
4 188 


Also, under this concept of isomorphism, any semigroup of order n may 
be isomorphically imbedded into Ti for m>n Hees For example, in T,» 
all five abstract semigroups of order 2 are realized as subsemigroups of 
De 
3 

However, there is a more general concept of isomorphism, which seems 


to be more applicable to transformation semigroups. Here this is called 


a T-isomorphism. 


eames Cullen, LT(jg), USN, An Algorithm for Computing Non-Isomorphic 
Bemigroups of Finite Order, p. 15, M.S. Thesis, NPS, 1968. 


Semeeney , Bal, 








Deeateonea Let S, T be subSemigroups of the transformation semi- 
group over the sets X and Y respectively. Then S and 
T are T-isomorphic if there exists a pair of bijections 
(pon) wo:X — Y and 42S —~ T such that [n(s) lwp ais eee 
for every Sine Soand sa Lig rae 


ed 


Denote that S and T are T-isomorphic by S = T. 

It is easy to show that if So=at then So rcealec ioe vaje)sle. jefe; Ah 
under the usual concept of isomorphism, defined earlier. However, the 
converse is not true, even if the underlying sets are the same (i.e., if 
X = Y). For an example of this see page 4 of the paper by C. Wilde and 
feasayachandran. 

Lemma 1: Let o and o' be transformation semigroups defined over the 

set S Then o = o' if and only if there exists a bijection 
Pis_ a 3 and a surjection 7:0 > G'; 0 way + 


Proof: Assume 0 =o. Thus there exist a pair of bijections (,n) 
with pis, = s and 1:0 > 6’, such that [n(o) JG) = (oG)), for all pea 
and all icS . There fore SWE = 0(1)-~a fore.a ll icS _- Hence 
© n(o)o =p or np) = ame for all 9 in o. Conversely, assume there 
exists a bijection pis ~ Sand a surjection n:0 > Gs o> ops. This 
implies [n(o)]p(i) = ioe 1) =O OC erek alt ieS | and all peo. Now, 
we show n is a bijection. Let P12 Py €0 such that 1 # Po This implies 
there exists an i in s such that p, (i) 7: p, (i). We note that (i) = j 
and hence j = AG. 

n(o1,)G) = pep (4) = 0, (4) # Moy (4) = Go, fo GG] = 1(0,) (4) 
Therefore n(o,) # N(P5)- Diniss ete nective sand enence d biwecet Tent. 


This implies 6 =o an 


4 
Carroll Wilde and Toke Jayachandran, Amenable Transformation Semigroups, 
p. 4, J. Austrailian Math. Soc., to appear (1970). 
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Lemma 1 allows us to set up a simple procedure for determining 
whether two subsemigroups of Th are T-1SOMOGpnIC 8 OG Nob tcOnem cE 
ee represent the symmetric group on n elements, i.e. the collection of 
bijections from = Innit ols Sie lata IG =n: The following Corollary is 


an immediate consequence of Lemma l. 


ed 


Corollary 1: Let 0, o' be subsemigroups of T Then o = o' if and 


only if o' = foo" :020} fox some (peG . 








DIT ANALY S T5507 qT, 


Notation: If Py> Po eT 5 then (PP) (i) = p le, 4) ]. 


We have S5 -{1, 2\ and Ty = hi, Pana fe a , where 
2) 


be Cl, 

Fel. 1) 
3 = (2, 2) 
a Cea 


The use of integers in two different capacities should not be confusing, 
since the meaning will be clear from the context. The multiplication 


table for T, is 





The subsemigroup structure of Ty is: 


Order Number of Subsemigroups List of Subsemigroups 
: a}, i} , bl 
2 l {1,2}, MeSl {1,4}, {2,3} 
3 1 {1,2,3) 
A 1 {1,2,3,4} 
Order 1: All three subsemigroups of order 1 are isomorphic, as there is 
only one abstract semigroup of order l. 
Order 2: {1,25 and {1,3 are the only two subsemigroups of order 2 that 


are isomorphic. Thus we see that in T, only three of the 


10 








possible five distinct semigroups on two elements are realized 
as subsemigroups of Ty: Fok and £134 are also T-isomorphic. 


Wcder 3: eae), is the subsemigroup of order 3 from T, that is predicted 


2 
by Corollary 5. 
Order 4: This is the full transformation semigroup itself, which has 
n 
order n°; 


This type of analysis, which is simple for T,, becomes very involved 


9? 
POT Ti? whene nm > 3. We will first of all sderive Some curticient con 
ditions, that a given subset of Th be a subsemigroup. These will predict 
a certain number of subsemigroups of various orders. However, these 
predictions do not nearly give a complete listing of all the subsemigroups 
of To Later in the paper we will develop some necessary conditions, 
which make the eee for subsemigroups easier, but which do not entirely 
eliminate the need for an exhaustive search. 


At this time, it is convenient to list the elements of T, as they will 


3 
be referred to several times. Let S., = f1,2,34 and T, = f1,2,3,-+-27| , 
19 


ile (LiL) jy Spa QIT = (311) 
2 = (112) 11 = (212) 20 = (312) 
3 = (113) 12 = (213) TE (S18) 
a= (1 13 = (221) 22 = G21) 
5 = Z2) WA, (PDS ey = (ILS 
6 = (123) 1 = (O25) 24 = (323) 
7 = Cow 16 = (231) oe eel) 
WEG?) 17 = (232) Me S (B32) 
9 = (133) 18 = (233) Di = (GBS) 
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IV. SOME MISCELLANEOUS SUBSEMIGROUPS 


The collection of transformations in Ti under which a given set, 


AS S, is invariant, forms a subsemigroup. 


Theorem 1: If A © S 3 then P, = {eet :0(A) = a is a subsemigroup 


A 
of Th: Murenermore, if [A| = k, then IP. | = Eo fork S ls ase ne 
Peool; let [A| = k and op be in Pa: Then k of the positions of 09 must 


be assigned one of the k different values from A. There are k! ways to do 


this. The other (n-k) positions may be assigned any one of n values. 


Hence for each permutation of the k elements, there are pre, possi- 


0 ae = sa (n-k) be in? 
Daieies. Thus LN kin . Now, let 01 2P5 ere, 


) is in P, and P, is a 


(0,09) (A) = 0,[0,(A)] = 0,(A) =A. Hence (0 , and Py 


1°2 


subsemigroup. , 


Sorollary 2: In Ti there are at least ) subsemigroups of order 


eo) k= 1, 


a is ee tls 
Proof: There are @) ways to choose a set A of order k from Sa 


Thus there are @ different subsemigroups, P,, each having order 


A 
i 


Remark: Gi aif [A| 


n, then the single Py obtained is the symmetric 


group on n elements, CG. 
n 


SURE e [A] 1, the n subsemigroups predicted are the n 


subsemigroups of order 1, each of which corresponds to a constant 


means formation. 


Ld 
= 


tiiveonemn:2¢ et. haa = so such that |A| = lB, then Pa PR: 


Proof: Define a bijection pis. = Ss such that p(A) = B. Also 
define a mapping N:P, = PR? Ope a. oop *, We must show that n is a sur- 


jection of Pa onto Pas 


12 








[n(o)] (B) = ie (B) = mep(A) = m(A) = B. Therefore n(o) is in P, £or 


every 0 in Pas let Se P.- We must show there exists a o0 in Py such 


that n(o) = s. Consider the transformation 0 defined by Al) = oe eeonl 


fom All 1° diva So: This implies eu aD = s(i) or n(o) = s, but is pe Pa? 


a es Z 
o(A) = ol[~p (B))] = [s(B)] =o lB) =A. Therefore op ¢ Py and hence 


m is a surjection. Finally, by Lemma 1, we conclude Pa PRA 


The collection of transformations in qT, that leave certain given 


elements of ae unchanged also forms a subsemigroup. 


Theorem 3: If A & Si then K, = { 6 e Te(i) = i, for all ica § is 


A 
, (n-k) 
a subsemigroup of T° Furthermore, if [A| =k, then IK, | =n ; 


oe) 9 ae 


Eroot; Let |a| = k and 0 be in Ky. Then k of the elements in the 


range of 9 are fixed. The other (n-k) elements may be any one of the n 


, 6n-k) 


elements of Sa: Therefore IK, | = Now let i be in A and O01 sPoEK, . 


Then (05) (i) = plo, (i) ] = ep, (4) = i. This implies (0,05 )eKy and hence 


Ky is a subsemigroup. , 


Corollary 3: In T there are at least @ subsemigroups of order 


aoe). k= 1, “Cane 


Proof: There are () ways to choose a set A of order k from Sa 
Thus there are Ge) different subsemigroups, K 


Ae 
order eae 


in Th: each having 


Remark: Gi) eh ork 


I 


1, this gives the same n subsemigroups as 


Corollary 2. 


t 


(ii) For k =n, this gives the one subsemigroup of order l 
that contains the identity transformation. 
° ce = = 
Theorem 4: If A, BS Sf and [Al | BI , then Ky K,- 


Proof: The proof of this theorem exactly parallels that of Theorem 2. 
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We can also obtain a few more subsemigroups by modifying slightly 
the concept of invariance, employed in Theorem l. 

Theorem, 23 Lt Aes a then Qa = foot, so(a) & a4 is a subsemigroup of 
To: Furthermore, if A | = k then 1Q, | = ie ee Ki =the pee = eee 

er oQor: “Let lal st isc tsboyel fe eye ai Qa: k of the positions of 0 may be 
assigned any one of the k values of A. There are ee ways of accomplishing 
this. Then the (n-k) other positions of 9 may be assigned any one of n 


values. Thus there are i 4 Sak) 


Ike fk) | 


different transformations in Qn or 
lal =k Let 0,0) €Q. Then (0,05)(A) = elo, (A)] = 0, (K), 
ec C rad ; 
where K©& A. But p, ) C p, (A) Sea Hence (0)P5) eC Qs and thus Q, ite 
a subsemigroup. , 
Corollary 4: In Ti there are at least @ subsemigroups of order 


ick afar k) 


were 1, *°*, one 

fooot: There are G) ways to choose a set A of order k from oe 
Here, however, the question arises that if [A| = |B =k and A #B, 
then is Q a Q,? Ae? Bimpiies there exists ant ima suchethaue11s 
Hot in B. If we let 9 = (ii +:: i), then peQ, but po & Qp ° Hence 
Qa # Q- Thus there are @) distinct subsemigroups, Qn» ays Ty each 
k (n-k) 


having order k n A 


Remark: (i) For every A ¢ S? toe one 3 P, then 9p ¢ Qn Hence 


c 
Pa se Qa 
(ii) For k = 1, the n subsemigroups predicted here are 


the same as in both Corollary 2 and 3. 


(iii) For k =n, the subsemigroup predicted is of order n” 


and hence is To Pese le: 


iD 


~ 
= 


Theorem 6: If A, B on and |A| = lB , then OA Qa: 


Proof: The proof of this theorem exactly parallels that of Theorem 2. 
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As before, we let Ce represent the symmetric group on n elements. 
Lemma 2: (tT -G_) is a subsemigroup of order n’-n! 
Pe@of: First of all, let 6,ne (T_-G ) and then show that (on) & G 
n eG implies there exists icS_ such that n(j) # i for every j in S- 
Hence the order of the range of yn is less than n. This implies the order 
of the range of (on) is less than n and therefore (on) & G Dias (onde (T_-G ) 
oe bsemi . Fi ene =C.|ssaqeen es 
and (TO GC) is a subsemigroup. Finally om ESO ie G | no-ns., 
Remark: (T,-G,) is the only subsemigroup of qT, Cfeorder 7 ly. 
Notation: Let represent the identity transformation of Th 
Lemma 3: If X is a subsemigroup of T of order x such thato C3 Xs 
== n n n n 
then x Ud) is a subsemigroup of order (x+tl). 
Proof: Let op be an arbitrary element of Xe Then, Od = 0 = peX_. 
Hence (X VU +) is a subsemigroup. 
n n A 
Corollary 5: (T_-G + ) is a subsemigroup of order (n -n'+1). 
Proof: ae on and thus £_ & sg Ges: Therefore we apply Lemma 2 and 
Lemma 3 to obtain the result., 
Remark: CSG ty) is the only subsemigroup of T. GE order 272), 
Lemma 4: Let AL be the alternating normal subgroup of CG. Then 
me. ie 
TL (GAL) is a subsemigroup of TT of order (n_ - 5 sa 
Proof: Let n eT -(G_-A_) =X. We consider two cases. 
Case 1: Here both n and o are in A. This implies (np) is in 
A oua. hence nO 1S in X. 
Case 2: Here at least one of the transformations p,7y is not in 
A: Without loss of generality suppose n& AT: This implies n& Ce 


and hence (no) & G_- Thus np is in X. Therefore in either cas’: X is a 


i, 


t 
subsemigroup. From group theory A | = ae and consequently |x| =n - 7k 


15 
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VV. “IDEMPO@eNTS OF qT 


In this section the idempotents of is are studied. This investi- 
gation will lead to some necessary conditions for subsemigroups of 
various orders. 

It is known that if a semigroup has an element, say s, of finite 
order, then it has an idempotent. The process for proving that this 


: : ‘ : a b 
idempotent exists, is to find two integers, a <b, such that s =s . 


n(b-a) 


Then there exists an integer n such that s is idempotent. The 


smallest n that will suffice in every case is n = oa 

Definition: The idempotent, e, obtained from the element s by the 
above process is called the "idempotent generated by s''. We denote this 
by s gene. 

Note: In a finite semigroup, every element is of finite order. 

Lemma 5: Let seS, a finite semigroup. Then s gen e if and only if 
eS gen e, for all integers k. 

iweork: First of ally assume s gen e. Let a < b be integers such 


that s° = a Then zis = ee? or Gan - (Gan Thus a gen (eae ae = 


ee?) rs a =e, so that Es gen e. Conversely assume as gene. This 
yee) 5 ,ka(b-a) 


ka(kb-ka) _ 


J 


implies there exist a < b such that (ase = ae and e = ( 


If we note that is = wee, then s gen sa) LGU) 


(gka(b-a) jk _ Qk 


However s 


J 


=e. Therefore s gen Coy 


Corollary 6: Let se S, a finite semigroup. Then s gen e if and only 


k ; 
if s =e, for some integer k. 


5 


H. S. Vandiver and Milo W. Weaver, Introduction to Arithmetic Factorization 


and Congruences from the Standpoint of Abstract Algebra, V. 65, No. 8, 
Fart Ti, p. 48; October 1958. 
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aCbod 
Proof: First assume s gen e. Thus s ( ) - 


e, for some a and b, 
k 
so that k = a(b-a). Conversely assume s =e. Clearly every idempotent 
; k : 
generates itself, so that s° gene. Hence, applying Lemma 5, s gen e., 
Lemma 6: Every element of a finite semigroup, say S, must generate 
one of the idempotents of S. 
Proof: Assume there exists an SeS such that s gen e, but eX oe 


Corollary 6 implies there exists an integer k such that s" =e. Hence 


k a sae : , , 
S & Ss. ans 15 a Contradiction. sinee cs as a semigroup. , 


Notation: If e is an idempotent of T we put 
C =| eet, gen ef : 

Now, let fey, a Selcee * be the collection of idempotents of ieee where 
ie, | = a> a es Le = Oy. ° Since every a of Tr generates one 
and only one idempotent, it follows that 2% a, = n'. Also every 

i=] 


idempotent generates itself so that for all i, i # 0. Order the 


; : ‘ t ' 
collection ta, § Be in decreasing order, { a, ; , a 


i=), 
os 
Theorem 7: Any subsemigroup of T_ of order greater thant. soe: omuce 
yell 
contain at least (x+l) idempotents, where x = 1, -::, (k-1l). 
x 
Proof: Let o be a subsemigroup of i Of mOrder Ipmewhere pl. 2 O,' 
t=! 


and assume o has less than (x+l) idempotents. By Lemma 6, every 
element of Oo must generate one of the idempotents of o. Thus the most 


elements that oO can contain are all of the generators of all of its 


idempotents. Since fa,*} ee. are ageaneed im decreasime order, 
> 3 x 
we conclude that the most elements o can contain is %a.'. But we 
x j=l J 
iey p< 2 @.'. Which 1s a contradiction. Hence o has at least (x41) 
Jee 
idempotents., 


As an example this theorem is now applied to T,. There are ten 


- ‘ t = Ag 
idempotents in T, and {a;'\ Fee 10 te, Oe oy Oy (en One c ee eee 


Ln 
bd] 
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Thus considering the subsemigroups of, say order 10, every one must have 
at least three idempotents. This concepteicauceruleaswaecrieomicnmEnot 
a subset of TO be a subsemigroup when digitally computing subsemigroups 
of various orders. 

Let us now look at idempotents and their generators in qT. for arbitrary 
n. The number of idempotents in TL is known, but the number of generators 
a given idempotent has is, in general, still an open question. Thus we 
cannot give a closed expression for the collection fa,"f, used above. 
However, we can draw some conclusions about these numbers. 

Lemma: If ue Ti. then u is an idempotent if and only if every 
boint in the range of u is a fixed point of u. 


Proof: See p. 15 of 0. Sweeney's Thesis. 


Nn 


Now denote by IT 


the collection of all idempotents in qT, hat fix 


exactly k elements. 


Lemma”; |1"| = (2) KTS, where 1<k <n. 


| 


Proof: By the preceding Lemma, the range of ue is has k elements. 


There are Gy ways to choose the range, then each of the (n-k) elements 
not in the range may be mapped by u to any one of the k range elements. 


. n~-k 
Hence for every choice of a range set, there are k choices for the 


other elements. Thus there are © eee different idempotents which fix 


exactly k elements. , 


Thus, since an ider potent can fix anywhere from one to n elements, 


n 
the total number of idempotents in T i Pe 68. a 


ksi 
Notation: Let E£S_ such that le] =k. Then 


1, (E) = c 1 x0) = i, for all ick. 
n n-k 
Clearly II, (E) | lan << for every E of order k. Also note that 
i CS) ={4;}, where & is the identity transformation of T . 
fen n n n 


Bowceney ce Gs 
1 








Notation: Let EC 5 such that |E| =k. Put 


G(E) = { pet, :0 gen e, for some e in pet. 


Theorem /: Let E Ey be arbitrary subsets of Ss such that 


12 
k. Then |G(E,)| 


I 
I 


IG(E,)|. 

Proof: Define a bijection ~ such that pis. = s and o(E,) E, . 
Also define £:G(E,) - G(E,) ; oie We show that f is a bijection. 
First of all we must verify that £(o)eG(E, ) for every 0 in G(E,). Since 
peG(E,), there exists an integer m such that oO" = ae for some ey in 


EE (E,); by Corollary 6. Next we show that [£(0)] = e~ tor some ie aeril 


2 Zz 
I, (Ey). Let jek, then [£(0)]™(i) = (oe YG) = (ey G4) = ew" )G4). 
But @ (j)cE,, thus e,[~ (j)] =@ (J). Hence [£(0)}"(j) = wlo” (i) = 3 
for every jeE, . Also if j & E,» then [£(0)]"G) = (we 0" ") 4) cE, - 
Therefore [£(p)}” 6 I, (E,) and thus f(p) ¢ G(E,) for every pcG(E, ). 
Now, in Lemma 1 we showed that a transformation like f is automatically 
injective, therefore we must only verify that f is surjective. Let Se G(E, ) 
emagethen illustrate a pe G(E,) such that £ (qjim=>s. soamcegseis in G(E,) > 


there exists an integer m such that s" = en for some en in Is (E,). Define 


: [s(i)] for every i ¢ sa: Since o is injective, 


p by: plo (i)] =o 
Ge T Fu. thermore eee) =-S(1) or [fo G@) =<s@)) hor alt i win sa: 
Therefore f(9) = s. Finally we can show peG(E,) by an argument parallel 
to the one used above to show every image under f is in G(E, ). Thus f is 
Surjective. Hence f is a bijection and therefore IG(E,)| = eG hoe 

Example from T3: Let Ey -- {1,2} and E, = {1,3}, Then 15 (E,) - {4,5| 
and ie (E,) = {3,9}. Also G(E,) -{4, | ae 104 where 4,11 gen 4 and 5, 
10 gen 5, and G(E,) = | So25p ee) myete 2, DE sen feed ©, 1S ean 9. 


Example from T We give an example to illustrate that in general 


ee 
f n ae 
Ic, | need not be a constant for every e in I, (E), as did™@in face occur sim 


the last example. 
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ait 


z | = > 
Wee 9 = fi,2k, e, = (i231) “aiid ey (I21123 2 tien e)e,cl, Ga9 ie 
however re | = 16, while lc | = 10. 
=a “2 
Now consider ee There are n idempotents in Ae If fein then there 
exists an icS) such that e = (ii +** i). We also note that Ic | = [oft |. 


n 
Lemma /7: For cel); Ic. equals the number of rooted trees onn vertices. 


recor: Let e = (11 *** i) and let seG,. Since s gen e, there exists 
an integer m such that s"(h) = i for allhe ss. Therefore 
ean aC) = anon 6) Le eG ehene area 
for every integer k. Hence, in order that s"'(h) = i, all that is necessary 
ms that 5! (h) = i for some j< m. Therefore the characterization for s is 
that every element of 2 must have a power equal to i. So, we now repre- 
sent s by a rooted tree on n vertices, where each vertex represents an 
element of > and the adjacent vertex toward the root is the image under 
s of its predecessor. The root will be i, since s(i) = i. Now if every 
element of oF has a power under s equal to i, its tree will be one of 
these types. Conversely, every tree of this type corresponds to a trans- 
formation, which generates e, and the Lemma Follows. , 

Lemma 8: aia has n! generators. 

Proof: <{. is the only idempotent in the symmetric group on n elements. 
Therefore each of the n! elements of the group must generates , by Lemma 
Cremelt Ss ¢ Ler but s is not in the symmetric group, then there exists a k 
in s. Siieamehat s(i) - kefeor all ie S,: Hence 5 (k) #k for any j and 
thus a toe for any j. Therefore s cannot generate, SO that has 


exactly n! 


generators... 
Lemma 9: If s e GCE), then s(E) = E. 

n 
Proof: Assume that || =k. Since s ¢ G(E), there exists an ecl, (E) 


: m 
such s gene. Thus there exists an integer m such that s =e oor such that 


Zi 








s (i) = i for all ieE. Now, if icE, then s(i) = s(s (i)) = s (s(i)) 
=e(s(i)). That is, e fixes s(i) and hence s(i) cE for every icE. 
Finally assume there exist i, a e E such that s(i) = s(i). Then 


i=s (i) = eh (Coy ae Cine s'(i) = i. Therefore |s(E)| =k 


and hence s(E) = E. 


A 
Lemma 10: Any idempotent in Ly has at least k! generators. 
Proof: Let e¢ ne Then there exists an E & S such that |E| =k 


and e(i) = i for all iin E. Without loss of generality take E = 1125 eee 


ae 


can be thought of as the symmetric group on k elements, so that |B| =k: 


Suppose e(i) = C. fOr. = ieee | 6Ehen puree. = | oe, :0(E) 


We will now extend each po in B to Sy in such a way that pet and 0 gen e. 


Note that for every oOeB there exists an integer m such that a a 


Hence o'(i) = 1 for i = tl, 7, ks. Now let 6 be arbitrary ineB. Phen 

o(i) = O. and i) = EOre trae, °° * ke) ihe. problemeis to.Jrind qd, such 
miaeeif o(i) = qj > then o (i) = t. =@(1), for i = kElgee. n  voinecec 

is an idempotent tic E and hence aE.) = t. for i= kFl.° =n. ~ bhus ain 
order to extend p to sf define p(i) = o(t,) for i = ktl, ---, n. Then 

e"Ci) = p™ (oC) = p™ (o(t,)) = OM(E,) = t, Fe (i) for i= KH, oo, 
Hence o (i) = AC Aorist = bee. 2 an Or oO =e. Thus we have constructed 


k! generators for C., 


Remark: This is a sharp lower bound, however for n > 5 and k #n, it 


is not useful as an approximation for ic. |. 


n- n-k 


Theorem 8: In T. rg lE| =k, then k: k a2 Ig. | < kin 


Proof: By Lemma 10, every idempotent of iy (E) has at least k: 


generators and there are rata idempotents in T, (E). Hence IG(E)| > ees 


Now let seG(E). By Lemma 9, s(E) = E, hence SeP,, ={ocT, :0(E) = ae 


Therefore G(E) © P But from Theorem 1, we know a) = ees Thus 


EB! 


PGCE) L = ono 
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Example: If we let n = 3 and k = 2, then |G(E) | = 4, The theorem 
predicts 2 < |G(E) | <6. However, if we let n = 5 and k = 2, then 


|G(E) | = 92, while the theorem predicts 16 < |G(E) | = 2505 
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VI. CLASSES OF SUBSEMIGROUPS 


We shall now construct various classes of subsemigroups, which 
assist in the counting of the subsemigroups of various orders. These 
classes also help us to enumerate the subsemigroups of a given order, 
which are T-isomorphic (and thus also isomorphic under the usual concept 
of isomorphism). 

Definition: Let E =o. such that | E| sh. 

i 
OF = subsemigroups, 0, of 2) = k and o contains 
idempotents from Ty (E), but no other idempotents 
from ry) 


special Case: If g = 1 and E = fq} , then denote the above collection 
, { 
by a vice ¢ vs 
<a 








RA 
; E 
Theorem 9: Co is independent of E and if E,E'© S_ such that 
) i 
|e | = lE'| = 0, then for every subsemigroup o in es , there exists a 


: %Q 


subsemigroup o' in C, ‘gee that o = o°-. 
*y 
We will not prove this theorem here, as it is a special case of 


Theorem 10. However a better "feel" is obtained for the relationship 


between these classes by seeing the more particular case first. 


Definition: Let A,, +:-, A_© 8 such that lA. | a0) forme lo ee 
mf. 
or | = (Subsemmemoups., 9 ©, .OL T :\[o = k and o contains 


idempotents from Te (A) for some j (not necessarily 
just one j), but no other idempotents from Ip 
Note: k may vary from 1 to n”, but Q< n. 
Example from T,: Let Ey = f1,24 and ES 23 {1,34 aewlnen 


7. 3 - 3 : 
1 > {3,4,5,9,15,24f, I (&,) = $4,,5% and I> (E,) = 13598. 


24 








C. = the collection of all order k subsemigroups of Ty; 
a 


which contain some combination of the idempotents 


Sees el ; but do not contamnelerogs- 4. 











Theorem 10: Suppose |A.| = |B.| ={ , for j = 1, ---, r and 
=e j J oad (gos 
JA. 1 A.| = IB. 0 B, | for all 1,j)=1,--+r. > ihen de, & = & 9 
: AL Ae ; t Clee grees © 
and for every 0 in C there exists ao in @ ya ee Such thae 
BROW 
J b 0 
O=o'. 
Proof: The fact that JA. | = IB | and JA.O A. | = IB. BAI, for amu 
i and j yields a bijection pis, = Ba such that ofA) ~ ae jabs oo see: 
Avy Rh Cae 
For simplicity let X = C and Y = G ree . Now define 
ae Ke Q 
moe Y; O O', where o' = wan :peo . We must first verify that f(o) 


femdetined is in Y for every 90 in X. If P1»P,€0 Sure (6 1a Py # Po» then 
0040 (P90) Thus lot | =k. Next we assume o' contains an idempotent 
e from Ig that is not in Ig (B,) for any j and obtain a contradiction. 
Since eco', there exists a peo such that e = we or pS poem. Also 

ee Ip, therefore e fixes Q elements, but by assumption e does not fix all 


of the elements of any met Therefore there exist i,cB 


uae oT i eB such 


that ae) # - G—l) > Sar -atiow sinee (1s invective oly” G,)] = 
peop G,)] =o fei.))} = pG,). We note that G,) 5 bee for 


every j and hence oe x Ly (A) for any j. But pe ae hence od Oa 


ee n ; 
contradiction. Therefore the only idempotents from Ip that o contains 


are from Ig (BS) for some j. And for any idempotent e in © that is in 
Ig (A;)> coe e Ty @,), so that o' does contain some idempotent from 
Ig ,). TUS =o = ECO}mES in Ys Nextewe show Chageee 1S a bijection. 


Assume o 105 e X such that O71 #o 


l Then there exists a O, € OF such that 


9° 
Py # 0 for every pe Oy Hence 9040 7: oa for every pe Oo > There- 


=i 
i has an element, namely OOP wiich 1S noe In 6. 


Fore Oo * 


Thus £(o,) es £(o,); 
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so that £ is an injection. Now, let o' e¢ Y, and define o = {0° tov:oe0"f. 
Then by arguments similar to those above we can show that 60 ¢ X. Also 
£(o) = {o¢o" tooo" spcot} = o', therefore f is a surjection. Thus f is 

a bijection. Hence |x| - Bale Finally we show oF £(o)g by detinane 
imo ~ £(o); ee oe As above n is a surjection. Thus we ope Lemma 


1 and conclude o = £(o)., 


A,8 3A 
Remark: From the definition we see that CG = On . Thus 
although we may not have the hypothesis JA. r\ _ | = IB. \ Be | satisfied 


at first, we may be able to satisfy it by some rearrangement of the 
eeulection By. tas, Bt 

Since every finite semigroup contains at least one idempotent, every 
subsemigroup of qT must be in some C-class. Therefore the union of all 
these different types of classes would yield all the subsemigroups of Tt: 
However, they are not disjoint, in general, since a subsemigroup could 
contain idempotents from L'p for several 2 . We will prove one more 
theorem concerning these classes of subsemigroups and then show how to 
use them to obtain a decomposition of the collection of subsemigroups of 


Th of a given order. 


- Bs 5 Ax 

Notation: We will denote ar 8 by G Q- Thus cm eau Loe 
a given collection of s subsets of oe each of order 0. then U oa q, 
‘ : : Cee “Bs 
is a union of C-classes and includes the class oe , for every 

Jair 

possible collection of subsets {B,, a BI, where IB, | Ser lege oe 

Theorem 11: Let |A,| = |A,"| =Q, and JA.O A, = JA. a at for 
> ba ee | Ox a ” 

=], eee ; t X = ’ Se ee dYe=z 

oi Prae C3370 (y ow * ce Nhe cay 
Then |x | = ly | for for every subsemigroup o in X there exists a o' in 
Y such that o = o'. 


26 








Proof: First) ofgalll construct (a3b1) seit on O25, os 5 such that 


(A, ) = A. ! for all i. Then define £:X ~ Ys .0%> 6, where Gs {rout rpeot. 


let o ¢ X; we show o' = f(o) ce Y. First of all since o 6 Ones Phe 


‘ é yz \ 
oe ~ AR { Ox » Ky 


Theorem 10 implies o' ¢ Gee . Also Og¢ VY, Cy. f implies there 
“x oa 
O,* Ceo 
R & 


exists an a* such that o ¢ = Again by application of 


aes 


Mmeorem 10, c' ¢ OAEBOCS & ) Gx . Hence o' is in Y. As 
RA, > te a 


before £ is injective. Let o' be in Y and define o =} 0 lapioco't. 
Then o' = f(co) and by a double application of Theorem 10, similar to that 
done above, we can show o ¢ X. Hence f is a surjection. Thus we conclude 
buat f£ is a bijection and |x| = ly|. From Theorem 10 we also conclude 
ee tt) 

let us now illustrate how this last theorem allows us to decompose the 
subsemigroups of T, of order 3. By digital computation we have discovered 
that there are 86 order 3 subsemigroups of T°. By checking our list of 


i 
subsemigroups, we count 17 in C,. Theorem 10 implies there are also 1/7 


S 


2 
in C, and ee This accounts for 51 subsemigroups. We remove these 5l 


from the collection and consider those remaining. Of these, 7 are in 
a 2's 
C oa . According to Theorem 11 (take @ = (if, C. = {2} and 


| 3 $3 a cia. 534 12 


>, = Lalas there are alicou;, in C 3 ,\ and We also 
3 


ee these. This leaves 14 subsemigroups. Three of these are in 


{1,28 Cis 
C $3, and thus by Theorem 11, there are three in each of a ane 
eee Ses any 
Se . Then, of the remaining five; one is in Gs 2 
ftv 12.33 
Se os 
and 3,4 . Finally there is one in each of the classes 


Lives Sk 
G at and C 34 pu (haseacecunts | fot aloe 
) d 


and 


and again wohae to Theorem 11 one is also in each of 
eS Soa 


» 


Oe e Appendix A 


Z4 








subsemigroups of order 3. Using these numbers, we at once conclude that 
the maximum number of non-T-isomorphic subsemigroups of order 3 is 
17+7+3+1+1+ 1 = 30. Then using Lemma 1, we find that several 
of these 30 are T-isomorphic and that the actual number of subsemigroups 


of order 3 that are distinct up to a T-isomorphism is 16. 
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APPENDIX A 


NUMBER OF SUBSEMIGROUPS OF T 


3 
Order of Number of 
Subsemigroup Subsemigroups 
) | 10 
Z 45 
5 86 
4, 136 
: SoZ 
6 206 
r, 186 
8 144 
9 109 
10 63 
ne | 0 
20 0 
ZA. iL 
Ze 1 
Co 5 
24 } 
25 0 
26 0 
27 } 
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